THE SYMPLECTIZATION FUNCTOR 
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Abstract. We describe a symplectization functor from the Poisson cat- 
egory to the symplectic "category" and we study some of its properties. 



1. Introduction 

Recall that to every Poisson manifold (M, tt) there is associated a Lie 
algebroid structure on T*M. It was shown in [31 El Ej that we can always 
associate to this Lie algebroid a topological groupoid £(M), which in favor- 
able circumstances (the integrable case) is a differentiable groupoid. In the 
integrable case, this Lie groupoid carries a compatible symplectic structure 
which, as we recall below, arises from the canonical symplectic structure on 
T*M. In this paper we look into the functorial properties of this construc- 
tion. Namely, we take the point of view that S is a functor from the Poisson 
category to the symplectic "category". This may be useful, for example, in 
the problem of (geometric, deformation) quantization of Poisson manifolds. 

First of all, by the Poisson category we mean the category Poiss whose 
objects are the (integrable) Poisson manifolds and whose morphisms are the 
Poisson maps. On the other hand, by the symplectic "category" we mean 
the "category" Symp whose objects are the symplectic manifolds and whose 
morphisms are the canonical relations. This "category" was introduced by 
Alan Weinstein in |2j, who also used the quotations marks as a reminder 
that this is not really a category, since composition of canonical relations 
is not always defined. This "category" contains a symplectic groupoid "sub- 
category", which we denote SympGrp. Now, as we will recall below, £ 
associates to a Poisson manifold (M, tt) a symplectic groupoid (T,(M),uj) 
and to a Poisson map cj) : (Afi,7ri) — > (M2,tt2) a canonical relation (in fact, 
a Lagrangian subgroupoid) £(</>) C X(Mi) x £(M2), in such a way that com- 
position of Poisson maps corresponds to composition of canonical relations. 
Therefore, £ is a functor from Poiss to SympGrp. 

In the Poisson category one has many geometric constructions: 

• Passing to sub-objects; 

• Passing to quotients; 

• Forming fibrations; 

• Forming connected sums; 

• (•••) 

It is natural to look at what happens to each such geometric construction 
upon applying the functor S. In this paper we survey recent results and 
ongoing research on this direction. 
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The symplectization functor £ should not be confused with the integration 
functor G which goes from the category of Lie algebroids to the category of 
Lie groupoids. For example, a Poisson map is almost never a Lie algebroid 
morphism of the underlying cotangent algebroids. Symplectization of many 
of the constructions above entails a rich geometry, which is not present in Lie 
algebroid theory, and which makes this passage from the Poisson category 
to the symplectic groupoid "category" far from being obvious. 

The rest of this paper is organized into two sections. In the first section, 
we review the construction of X. In the second section, we consider the 
effect of X on some of the geometric constructions mentioned above. 

Remark 1.1. In order to simplify the presentation we will assume through- 
out this paper that our Poisson manifolds are integrable, However, as the 
reader will notice, many of the constructions below still make sense for non- 
integrable Poisson manifolds. 

2. The £ functor 

Let (M, {•,•}) be a Poisson manifold. We will denote by tt € X 2 (M) 
the associated Poisson tensor which is given by 7r(d/, dg) := {/, <?}, (/, g E 
C°°(M)), and by 7r" : T*M — >■ TM the vector bundle map defined by 

J(dh)=X h := {h,-}. 

As usual, we call the hamiltonian vector field determined by h € C°°(M). 
Also, there is a Lie bracket on 1-forms [ , ] : J2 1 (M) x 1 (Af) -> Q 1 (M) 
which is defined by: 

[a, ft] = C n t a P - Ar»/3 a - d?r(a, (3). 

The triple (p : T*M — > M, [ , ],7r") is a Lie algebroid, called the cotangent 
Lie algebroid of the Poisson manifold (M, tt). 

2.1. S on objects. Let us recall briefly the construction of the groupoid 
S(M) canonically associated with the Poisson manifold (M, tt) (more details 
can be found in [3 El): 

{cotangent paths } 



E(M) := 



{cotangent homotopies} 



where: 



A cotangent path is a C^-path a : / — > T*M such that 

• Two cotangent paths ao and a\ are cotangent homotopic if there 
exists a family of cotangent paths a e (t) = a(e,t), e £ [0,1], such 
that the solution b = b(e, t) of the differential equation 

(1) d t b-d e a = T v (a,b), 6(e,0)=0, 

satisfies b(e, 1) = ( v ). 

^Here Ty denotes the torsion of a connection V, while dt and d € are the covariant 
derivatives along the t and e directions. One can show that this condition does not 
depend on the choice of V. 
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There is a natural groupoid structure on E(M): 

- The source and target maps s, t : E(M) — > M are given by s([a]) = 



- The multiplication in E(M) is defined by [a±] ■ [oq] = [01 0ao]> where 
ai ao denotes concatenation of cotangent paths: 



- The identity section e : M —* E(M) is given by e(x) = [0 X ], where 
0^ is the trivial cotangent path based at x; 

- The inverse map i : E(M) — > E(M) is defined by t([a]) = [a], where 
a(i) = a(l — t) denotes the opposite path. 

The space of cotangent paths P n (M) is furnished with the C 2 compact- 
open topology, and in E(M) = P 7T (M)/ ~ we take the quotient topology. 
Then E(M) becames a topological groupoid, which is sometimes called the 
Weinstein groupoid of (M, n). In general, this groupoid is not smooth, 
but it is rather a differentiable stack (see ^3 EI)- However, if E(M) is 
smooth then one obtains a source 1-connected Lie groupoid that integrates 
the cotangent Lie algebroid of (M,ir), and in this case we call (M, 7r) an 
integrable Poisson manifold. The precise obstructions to integrability were 
determined in [3 |H] . 
Let us now recall: 

Definition 2.1. A symplectic form u> in a groupoid Q is multiplicative iff 

the graph of the multiplication 



is a Lagrangian submanifold of Q x Q x Q. The pair [Q,oj) is called a sym- 
plectic groupoid. 

If (Q, to) is a symplectic groupoid then the base manifold M has a canon- 
ical Poisson bracket such that: 

(i) s is Poisson and t is anti-Poisson; 

(ii) the Lie algebroid of E is canonically isomorphic to T*M. 
Conversely, we have: 

Theorem 2.1 (|H10)- Let (M,tt) be an integrable Poisson manifold. Then 
E(M) is a symplectic groupoid whose Poisson structure on the base coincides 
with ir. 

For the sequel, it is important to understand how the symplectic structure 
on E(M) arises. For that, we need to look closer at cotangent homotopies 
and at an alternative description of these homotopies in terms of a Lie 
algebra action. 



We will denote by P(T*M) the space of all C^-paths a : I -> T*M. This 
is a Banach manifold in the obvious way, and the space of cotangent paths 



p(a(0)) andt([a]) =p(o(l)); 




< t < i, 
±<i<l. 



7m = {(g,h,gh) eg xg xg \ ( g ,h) & g^} 



P*(M) C P{T*M) 
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is a Banach submanifold. Also, we let P(M) denote the space of C 2 -paths 
7 : i" — > M. A basic fact, which in fact explains the existence of a symplectic 
structure on S(M), is that 



so that P(T*M) carries a natural (weak) symplectic structure w can . 

Let us identify the tangent space T a P(T*M) with the space of vector 
fields along a: 



T a P(T*M) = {U :I -> TT*M \ U{t) e T a{t) T*M) . 

and denote by cuq the canonical symplectic form on T*M. Then the 2-form 
w can on P{T*M) = T*P(M) is given by: 



for all U\,U2 € T a P(T*M). Moreover, it is easy to check that du; can = 
and that wl an : T a P(T*M) —> T*P(T* M) is injective. Hence, w can is a weak 
symplectic form. 

On the other hand, the Lie algebra 

P Q}{M) : = {Vt G ^(M),t € I \r]o = 77i = 0, ?7 t of class C 1 in t} 

with the pointwise Lie bracket, acts on P(T*M) in such a way that: 

(a) the action is tangent to P 7r (M); 

(b) two cotangent paths are homotopic if and only if they belong to the 
same orbit. 

Now we have the following remarkable fact, first observed in |Hj: 

Theorem 2.2. The infinitesimal action of Pq£1 1 (M) on (P(T*M),io can ) 
is Hamiltonian, with equivariant moment map J : P(T*M) — ► PqQ 1 (M)* 
given by 



Therefore, the groupoid S(M) is obtained by symplectic reduction: 



This gives the multiplicative symplectic form on S(M). 

Remark 2.1. It is important to note that not every Lie groupoid integrating 
the cotangent bundle T*M of a Poisson manifold is a symplectic groupoid. 
What we saw above is that the unique source 1- connected groupoid is indeed 
a symplectic groupoid, and that this symplectic structure arises from the 
canonical symplectic structure on T*M . 

2.2. S on morphisms. Now that we know what the effect of S on objects 
is, let us look at its effect on a Poisson morphism <j) : (Mi,7Ti) — > (JW^,^). 
Note that, in general, eft does not induce a morphism of Lie algebroids, so 
the answer is not a Lie groupoid morphism £(</>) : £(Mi) — > S(M2). In 
order to find out what the answer should be, let us recall different ways of 
expressing the condition for a map to be Poisson: 



P(T*M) = T*P(M) 







E(M) = P(T*M)//P n 1 (M) = J-^OVPq^OO- 
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Proposition 2.1 (JH]). Let 4> : (Mi,7Ti) — ► {M2^2) be a smooth map 
between two Poisson manifolds. The following conditions are equivalent: 

(a) The map <f> preserves Poisson brackets: {/ o 0, g o cf>}i = {f,g}2 ° <j>- 

(b) The Poisson bivectors are ^-related: </>*7Ti = Ti2- 

(c) Graph(0) C Mi x M2 is a coisotropic submanifold ( 2 ). 

It is clear that if (Mi,7Ti) and (^2,^2) are Poisson manifolds, then we 
have 

E(Mi x M 2 ) = S(M X ) x S(M 2 ). 

Hence, to integrate a Poisson morphism, we just need to know what objects 
integrate coisotropic submanifolds of a Poisson manifold. This problem was 
solved by Cattaneo and Felder in [2]: 

Theorem 2.3. If Q =} C is a Lagrangian subgroupoid of a symplectic 
groupoid £ =S M , then C C M is a coisotropic submanifold. Conversely, 
if C is a coisotropic submanifold of an integrable Poisson manifold (M,tt), 
then there exists a Lagrangian subgroupoid Q =S C of E(M) that integrates 
C. 

Let us explain why coisotropic submanifolds integrate to Lagrangian sub- 
groupoids. Note that C is a coisotropic submanifold of [M , tt) iff its conormal 
bundle u*(C) := (TC)° C T*M is a Lie subalgebroid of the cotangent Lie 
algebroid T*M. Therefore, if (M, tt) is integrable, then there exists a source 
connected Lie subgroupoid Q C of the groupoid S(M) =1 M that inte- 
grates v*{C). Now we claim that the restriction of the symplectic form u 
to Q vanishes which, combined with dimC/ = 1/2 dim £(M), implies that Q 
is Lagrangian. 

To prove our claim, we observe that for the canonical symplectic form ujq 
on T*M the submanifold i / *(C) C T*M is Lagrangian. Using the explicit 
expression (J2J) for the symplectic form cj can on P(T*A1), we see immediately 
that space of paths P{y*{C)) C P{T*M) is isotropic. It follows that the 
symplectic form to on the symplectic quotient S(M) restricts to zero on the 
submanifold Q = P(v*{C))/ '/Pq&(M), as we claimed. 

We have now found what Poisson morphisms integrate to: 

Corollary 2.1. Let <p : (Mi,7i"i) — > (M2,7T2) be a Poisson map between two 
integrable Poisson manifolds. Then (f> integrates to a Lagrangian subgroupoid 
S(0) C S(Mi) x E(M 2 ). 

2.3. The symplectic "category". Let us recall now the symplectic "cat- 
egory" of Alan Weinstein |21j . which we will denote by Symp. 

In the category Symp the objects are the symplectic manifolds and the 
morphisms are the canonical relations. We recall that if (Si,u}±) and (52, ^2) 
are two symplectic manifolds, then a canonical relation from S\ to S2 is, by 
definition, a Lagrangian submanifold L C S\ x S2 where, as usual, we denote 
by a bar the same manifold with the opposite symplectic structure. 

A submanifold of a Poisson manifold (Af , tt) is called coisotropic if ^(TN) C TN, 
where (TN)° C T*M denotes the annihilator of TN. Also, M denotes the Poisson 
manifold M with the symmetric Poisson structure. 
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There is, however, a problem: if L\ G Mor(5i, S2) and L2 G Mor(52,S*3) 
are canonical relations, their composition: 

L\ o L2 := {{x, z) <E S\ x S3 \ 3y <E S2, with (x, y) G Li and (y, z) G L2}, 

may not be a smooth submanifold of S\ x 53 . One needs a certain clean 
intersection property which we will not discuss here (see |21j). However, 
whenever it is a smooth submanifold, it is indeed a Lagrangian submani- 
fold. Therefore, in Symp composition is not always defined and Weinstein 
proposed to name it a "category", with quotation marks. 

It maybe worth to point out three simple properties of the symplectic "cat- 
egory". First, in the symplectic "category" the points of an object (S, u) are 
the elements of Mor(pt,5), i.e., the Lagrangian submanifolds L C S. Sec- 
ond, there exists an involution in Symp: it is the covariant functor of Symp 
which takes an object S to itself Sr := S and a morphism L G Mor(5i, 
to the morphism := {(y, x) G S2 x S\ \ (x,y) G L} G Mor(5 < 2, Si). Fi- 
nally, in Symp we have the "subcategory" of symplectic groupoids, denoted 
SympGrp, where the objects are the symplectic groupoids (G,u) and the 
morphisms Mor(C?i,C/2) are the Lagrangian subgroupoids of Q\ x Q2. 

Now let us denote by Poiss the Poisson category, in which the objects 
are the Poisson morphisms and the morphisms are the Poisson maps. We 
can summarized the two previous paragraphs above by saying that S is a 
covariant functor from Poiss to SympGrp. 

2.4. Examples. For illustration purposes we give three, well-known, classes 
of examples. 

2.4.1. Symplectic manifolds. If (M, tt) is a non-degenerate Poisson structure, 
then uj = (tt) is a symplectic form. In this cotangent path a : I —> 
T*M is completely determined by its base path 7 : / — > M, since we have: 

a(t) = a;(7(t), •). 

Moreover, two cotangent paths ao and a\ are cotangent homotopic iff their 
base paths 70 and 71 are homotopic relative to its end-points. Hence, S(M) 
is just the fundamental groupoid of M, and so can be identified as: 

E(M) = M x MM) M, 

where M is the universal covering space and 717 (M) acts diagonally. This 
space carries an obvious symplectic groupoid structure which is inherit from 
the pair (symplectic) groupoid M x M. Note that when (Mi, 717) and 
(M2, K2) are both symplectic, a Poisson map <ft : Mi — > M2 is not, in general, 
symplectic (such a Poisson map <f> must be a submersion). 

2.4.2. Trivial Poisson manifolds. A smooth manifold M always carries the 
trivial Poisson structure tt = 0. In this case, a cotangent path is just a path 
into a fiber of T*M, and any such path a : I — > T*M is cotangent homotopic 
to its average a(t) := j Q a(s)ds (a constant path in T*M). It is easy to check 
that two cotangent paths are homotopic iff their averages are equal, so that 
T,(M) = T*M. On the other hand, any smooth map : Mi — > M2 is a 
Poisson map and we have E(0) = Graph(0*) C T*M X x T*M 2 . It follows 
that E embeds the category of smooth manifolds in Symp. 
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2.4.3. Linear Poisson structures. It is well known (according to |2U| . it was 
already known to Lie!) that a linear Poisson structure on a vector space is 
the same thing as a Lie algebra structure on the dual vector space. If g is a 
Lie algebra, we let M = q* with is canonical linear Poisson structure. Then 
S(g*) = T*G, where G is the 1-connected Lie group with Lie algebra g. 
Here the symplectic structure is the canonical symplectic structure on the 
cotangent bundle T*G and the group oid structure can be defined as follows: 
let s,t : T*G — > g* be the left/right trivializations: 

s(a g ) = (d e L g ya g , t((3 h ) = (d e R h )*p h , (a g G T* g G, (i h G T^G). 

Then, if a g ,Ph £ T*G are composable (i.e., s(a g ) = t((3h)) then their prod- 
uct is given by: 

a g ■ Ph '■= (d e L g )*(3 h G T* h G. 
If <f> : g — * f) is a Lie algebra homomorphism, then (j>* : t)* — > g* is a Poisson 
map. Upon applying the symplectization functor we obtain a Lagrangian 
submanifold £(</>*) C T*# x T*G. It is not hard to check that if $ : G -> H 
is the Lie group homomorphism with de^ = <j>, then: 

S(0*) = graph(d»*) = {(/?„(,), a fl ) G T*# x T*G | (d g ^)*P Hg) = a g }. 

In this way, S embeds the category of Lie algebras LieAlg in the category 
SympGr. 

3. Symplectization of Poisson geometry 

Now that we know how the functor S is constructed, we can look at is 
effect on various geometric constructions in Poisson geometry. 

3.1. Sub-objects. A sub-object in the Poisson category is just a Poisson 
submanifold N of a Poisson manifold (M,ir) ( 3 ). However, in general, a 
Poisson submanifold of an integrable Poisson manifold is not integrable (see 
0I2S])- We will assume that both (M, ir) and N are integrable. Then the 
inclusion i : iV <^-> M is a Poisson morphism which, according to Corollary 
I2.H integrates to a Lagrangian subgroupoid £(i) C S(A r ) x E(M). However, 
this is not the end of the story. 

For a Poisson submanifold N C M, let us consider the set of equivalence 
classes of cotangent paths that take their values in the restricted subbundle 

Sjv(M) := {[a] G E(M) | a : I Tj^M}. 
This is a Lie subgroupoid of S(M): it is the Lie subgroupoid that inte- 
grates the Lie subalgebroid T^M C T*M. Moreover, this subalgebroid is 
a coisotropic submanifold of the symplectic manifold T*M, and it follows 
that £jv(M) C E(M) is a coisotropic Lie subgroupoid. The fact that the 
closed 2- form u on Ejv(M) is multiplicative implies that if we factor by its 
kernel foliation, we still obtain a symplectic groupoid, and in fact (see jHj): 

E(iV) ~ Eiv(M)/Kerw. 

These two constructions are related as follows: 

^Actually, this notion of sub-object is too restrictive, and in |S] it is explained how the 
class of, so called, Poisson-Dirac submanifolds is the more appropriate class of sub-objects 
to consider. 
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Theorem 3.1. Let i : N <^-> M be an integrable Poisson submanifold of 
an integrable Poisson manifold, and E(i) C E(iV) x E(M) the corresponding 
Lagrangian subgroupoid. For the restriction of the projections on each factor: 

m 




E(iV) £(M) 

7T2 is a diffeomorphism onto the coisotropic subgroupoid Ejv(M) C £(M) 
above, and the groupoid morphism: 

(vri) o (vrs)- 1 : Ejv(M) -> E(JV), 
corresponds to the quotient map Ti^{M) — > T,^(M)/ Kei uj ~ E(iV). 

A very special situation happens when the exact sequence of Lie algebroids 
*■ (TN)° *■ T^M T*iV >- 

splits: in this case, the splitting <j> : T*M — * V' v M C T*M integrates 
to a symplectic Lie groupoid homomorphism $ : E(iV) — ► E(M), which 
realizes E(iV) as a symplectic subgroupoid of E(M). Poisson submanifolds 
of this sort maybe called Poisson-Lie submanifolds, and there are topological 
obstructions on a Poisson submanifold for this to happen (see |H])- 

3.2. Quotients. What we have just seen for sub-objects is typical: though 
the functor E gives us some indication of what the integration of a certain 
geometric construction is, there is often extra geometry hidden in the sym- 
plectization. Another instance of this happens when one looks at quotients. 

Let G be a Lie group that acts smoothly by Poisson diffeomorphisms on 
a Poisson manifold (M, tt) . We will denote the action by ^ : G x M — > M 
and we will also write *&(g, x) = g ■ x. For each g € G, we set: 

^ g : M -> M, x h-> g ■ x, 

so that each *$> g is a Poisson diffeomorphism. 

Now we apply the functor E. For each g € G, we obtain a Lagrangian 
subgroupoid E(\I/ g ) C E(M) x E(M). This Lagrangian subgroupoid is, in 
fact, the graph of a symplectic Lie groupoid automorphism, which we denote 
by the same symbol E(\I' 5 ) : E(M) — > E(M). Also, it is not hard to check 
that 

E(*) : G x S(M) S(M), ( 5 , [a]) » g ■ [a] := E(* fl )([a]), 

defines a symplectic smooth action of G on E(M). Briefly, E lifts a Poisson 
action $ : G x M ^ M to a symplectic action E(^) : G x E(M) -> E(M) 
by groupoid automorphisms. However, this is not the end of the story. 

Let us look closer at how one lifts the action from M to E(M). First of 
all, recall that any smooth action G x M — > M has a lifted cotangent action 
G x T*M — > T*M. This yields, by composition, an action of G on cotangent 
paths: if a : I — > T*M is a cotangent path we just move it around 



(g ■ a)(t) := g ■ a(t). 
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The fact that the original action G x M — ► M is Poisson yields that (i) g ■ a 
is a cotangent path whenever a is a cotangent path, and (ii) if ao and a\ 
are cotangent homotopic then so are the translated paths g ■ ao and g ■ a±. 
Therefore, we have a well-defined action of G on cotangent homotopy classes 
and this is just the lifted action: E(W g )([a]) = [g ■ a]. 

Now we invoke a very simple (but important) fact from symplectic geome- 
try: for any action GxM — ► M the lifted cotangent action GxT*M — > T*M 
is a hamiltonian action with equivariant momentum map j : T*M — > g* 
given by: 

j:T*M^g*, (j(a x ),t;):=(a x ,Xs(x)}, 

where G 3L{M) is the infinitesimal generator associated with £ £ g. This 
leads immediately to the fact that the lifted action E(\I/) : G x S(M) — > 
S(M) is also hamiltonian ( 4 ). The equivariant momentum map J : S(M) — > 
g* for the lifted action is given by: 

(4) (J([a]),0 := [ 1 j(a(t))dt= [ X^. 

JO J a 

Since each X^ is a Poisson vector field, the last expression shows that only 
the cotangent homotopy class of a matters, and J is indeed well-defined. 
Expression ^ mean that we can see the momentum map of the £ (^-action 
in two ways: 

• It is the integration of the momentum map of the lifted cotangent 
action; 

• It is the integration of the infinitesimal generators along cotangent 
paths. 

In any case, expression (J3J for the momentum map shows that it satisfies 
the following additive property: 

J(M-M) = J([a ]) + J(N). 

Hence J is a groupoid homomorphism from S(M) to the additive group 
(3*,+) or, which is the same, J is differentiable groupoid 1-cocycle. More- 
over, this cocycle is exact iff there exists a map \x : M — > g* such that 

J = /jot-/ios, 

and this happens precisely iff the original Poisson action ^ : G x M — > M 
is hamiltonian with equivariant momentum map [i : M — > g*. These facts, 
in one form or another, can be found in [11 151 1141 122j . We summarize them: 

Theorem 3.2. Let f:GxM->Miiea smooth action of a Lie group G 
on a Poisson manifold M by Poisson diffeomorphisms. There exists a lifted 
action S(^) : G(M) — > S(M) by symplectic groupoid automorphisms. This 
lifted G-action is Hamiltonian and admits the momentum map J : E(M) — > 
q* given by O)- Furthermore: 

(i) The momentum map J is G-equivariant and is a groupoid 1-cocycle. 

(ii) The G-action on M is hamiltonian with momentum map fj, : M — ► 0* 
if and only if J is an exact cocycle. 



Recall again that, after all, the symplectic structure on E(M) comes from the canonical 
symplectic structure on T*M. 
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Let us now assume that the Poisson action ^ : G x M — > M is proper and 
free. These assumptions guarantee that M/G is a smooth manifold. The 
space C°°(M/G) of smooth functions on the quotient is naturally identified 
with the space C°°(M) G of G-invariant functions on M. Since the Poisson 
bracket of G-invariant functions is a G-invariant function, we have a quotient 
Poisson structure on M/G such that the natural projection M — > M/G is 
a Poisson map. It can be shown, using the results of [Jj, that if M is an 
integrable Poisson structure then M/G is also integrable, and so the question 
arises: what is the relationship between the symplectic groupoids E(M) and 
E(M/G)? 

First notice that if the original Poisson action VP : G x M — > M is proper 
and free, so is the lifted action E(\P) : G x E(M) -> E(M). Therefore G 0* 
is a regular value of the momentum map J : E(M) — > g*. Let us look at the 
symplectic quotient: 

E(M)//G := J~\Q)/G. 

Since J is a groupoid homomorphism, its kernel J _1 (0) C E(M) is a Lie 
subgroupoid. Since J is G-equivariant, the action leaves J _1 (0) invariant 
and the restricted action is a free action by groupoid automorphisms. Hence, 
the groupoid structure descends to a groupoid structure S(M)/ /G M/G. 
It is easy to check then that this is indeed a symplectic groupoid. In general, 
however, it is not true that: 

E(M/G) = E(M)//G, 

so, in general, symplectization does not commute with reduction. First of 
all, J _1 (0) may not be connected, so that E(M)//G may not have source 
connected fibers. Even if we restrict to J _1 (0) c , the connected component 
of the identity section (so that the source fibers of E(M)//G are connected) 
these fibers may have a non-trivial fundamental group. This problem, as 
well as other issues such as non-free actions, convexity, etc, is the subject of 
ongoing research (see [TIT]). 

3.3. Fibrations. Let (F,ir) be a Poisson manifold. We denote by Diff vr (F) 
the group of Poisson diffeomorphisms of F. We are interested in the follow- 
ing class of fibrations: 

Definition 3.1. A Poisson fibration p : M — > B is a locally trivial fiber 
bundle, with fiber type a Poisson manifold (F, it) and with structure group 
a subgroup G C Diff 7r (i ? ). When n is symplectic the fibration is called a 
symplectic fibration. 

If p : M — > B is a Poisson fibration modeled on a Poisson manifold (F, ir), 
each fiber carries a natural Poisson structure 7r&: if <pi : p~ 1 (C/j) — > t/j X F 
is a local trivialization, 7r& is defined by: 

= (Mby 1 )^, 

for b £ U{. It follows from the definition that this 2- vector field is indepen- 
dent of the choice of trivialization. Note that the Poisson structures 7r& on 
the fibers can be glued to a Poisson structure 7ry on the total space of the 
fibration: 

ir v (x) =ir p{x) (x), (x G M). 



THE SYMPLECTIZATION FUNCTOR 



11 



This 2-vector field is vertical: ixy takes values in A 2 Vert C f\ 2 TM. In this 
way, the fibers (i*&,7r&) became Poisson submanifolds of (M, 7iy). 

Example 3.1. An important class of Poisson fibrations is obtained as fol- 
lows. Take any Poisson manifold (P,tt), fix a symplectic leaf B of P which 
is an embedded submanifold, and letp : M ^ B be a tubular neighborhood of 
B in P. Each fiber carries a natural Poisson structure, namely, the trans- 
verse Poisson structure ( 20 ). These transverse Poisson structures are all 
Poisson diffeomorphic and it follows from the Weinstein splitting theorem 
that this is a Poisson fibration. 

The usual method to construct fibrations from a principal G-bundle and a 
G-manifold F, works also for Poisson fibrations. One specifies the following 
data: 

(a) A Lie group G; 

(b) A principal (right) G-bundle P —> B; 

(c) A Poisson (left) action G x F — > F. 

On P we consider the zero Poisson structure, so that P x F becomes a 
Poisson G-manifold for the product Poisson structure and the diagonal G- 
action. It follows that the associated fibration M = P Xq F —* B carries a 
(vertical) Poisson structure which makes it into a Poisson fibration. 

If we allow infinite dimensional Lie groups, the converse is also true: let 
p : M — > B be any Poisson fibration with fiber type a Poisson manifold 
(F,tt). We let G = Diff(i ? , ir) be the group of all Poisson diffeomorphisms, 
and we define a principal G-bundle, called the Poisson frame bundle: 

P=[jP b ^B 

where each fiber P\, is the set of all Poisson diffeomorphisms u : F — > Ff,. 
The group G acts on (the right of) P by pre-composition: 

P x G — s> P : (u, g) i— s> u o g, 

and our original Poisson fiber bundle is canonically isomorphic to the asso- 
ciated fiber bundle: M ~ P x G F. 

In the sequel, we will always assume that we have a Poisson fibration 
M = P xq F — > B with fiber type (F,ir). We now apply our functor S to 
this fibration: assuming that (F, ir) is an integrable Poisson manifold, we 
have a symplectic groupoid S(-F) and the Poisson action GxF — > F lifts to a 
hamiltonian action G x S(F) — ► T>(F), which is by groupoid automorphisms. 
Let us denote by S(M) := P xg — > B the associated fiber bundle. 
There are two things to note about this bundle: 

(i) E(JVf) — > B is a symplectic fibration: this follows from the method 
explained above to construct Poisson fibrations, except that now our 
fiber type is symplectic; 

(ii) S(M) zz£ M is a groupoid: all the structure maps, as well as the com- 
position, are defined in the obvious way from the groupoid structure 
on the fiber. 

The groupoid S(M) M is an example of a fibered groupoid. Formally, 
this means an internal category in the category of fibrations where every 
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morphisms is an isomorphism. In practice, both the total space Q and the 
base M of a fibered groupoid are fibrations over B and all structure maps are 
fibered maps. For example, the source and target maps are fiber preserving 
maps over the identity: 

Q T M 




B 



In particular, each fiber of Q — > B is a groupoid over a fiber of M —* B. 
Moreover, the orbits of Q lie inside the fibers of the base M. 

The construction above is just an instance of a general procedure to con- 
struct fibered groupoids: Let P — > B be a principle G-bundle and assume 
that G acts on a groupoid T F by groupoid automorphisms. Then the 
associated fiber bundles Q = P xg T and M = P F are the spaces of 
arrows and objects of a fibered groupoid. Clearly, every fibered groupoid 
is of this form provided we allow infinite dimensional structure groups. We 
will say that the fibered groupoid Q has fiber type the groupoid T . Now we 
set: 

Definition 3.2. A fibered symplectic groupoid is a fibered groupoid E whose 
fiber type is a symplectic groupoid (J-, to) . 

Therefore, if Q is a fibered symplectic groupoid over B, then Q — > B is 
a symplectic fibration, and each symplectic fiber T}, is in fact a symplectic 
groupoid over the corresponding fiber F\, of M — » B. Since the base of a 
symplectic groupoid has a natural Poisson structure for which the source 
(respectively, the target) is a Poisson (respectively, anti-Poisson) map, we 
can summarize our results as follows: 

Theorem 3.3. The base M — > B of a fibered symplectic groupoid E =3 M 
has a natural structure of a Poisson fibration. Conversely, for any Poisson 
fibration M — > B, with fiber type (F, tt) an integrable Poisson manifold, there 
exists a unique (up to isomorphism) source 1-connected fibered symplectic 
groupoid E(M) ^ M integrating M — > B. 

In a nut shell, E takes Poisson fibrations to symplectic groupoid fibrations, 
i.e., fibrations in Poiss to fibrations in SympGr. However, this is not the 
end of the story. 

We have not used above the fact that the action G x E(F) — ► E(F) is 
hamiltonian. By some standard results in symplectic geometry |11 [ I13|. this 
implies that the fibered symplectic groupoid E(M) z4 M carries a coupling 
2-form. Moreover, this closed 2-form is multiplicative, so that E(M) is, in 
fact, a presymplectic groupoid. This is also related with the problem of 
existence of a coupling (see ^E]) for the original Poisson fibration. All this 
and related problems on Poisson fibrations is the subject of ongoing work 
(see P). 

3.4. Further constructions. The symplectization functor can be (and 
should be!) applied to many other constructions in Poisson geometry. 
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For example, there exists a connected sum construction in Poisson geom- 
etry (see |12j ) which, under some conditions, out of two Poisson manifolds 
Mi and M2 yields a new Poisson manifold M\j^M<i- Some result of the sort: 

S(M!#M 2 ) = S(M 1 )#S(M 2 ), 

should be true (here, on the right-hand side one has a symplectic connected 
sum) . This kind of result should be relevant in the study of Poisson mani- 
folds of compact type (,§]), namely in the problem of finding a decomposition 
into simpler pieces for such Poisson manifolds. 

Another example, is in the theory of Poisson-Nijenhuis manifolds where 
the application of the S functor leads to a symplectic-Nijenhuis groupoid 
(I01EI1)) an d this should be relevant in the study of the canonical integrable 
hierarchies associated with a PN-manifold. 

I believe that the symplectization functor S, which we have just started 
understanding, will play an important role in many other problems in Pois- 
son geometry ( 5 ). 

Acknowledgments 

I would like to thank the organizers of WGP for providing me with an 
excuse to write this article. I also thank Li'gia Abrunheiro, Rogier Bos, 
Raquel Caseiro, Jesus Clemente, Eva Miranda, Miguel Olmos and Patricia 
Santos for many useful discussions during the conference in Tenerife. This 
work has been partially supported by FCT/POCTI/FEDER and by grants 
POCI/MAT/55958/2004 and POCI/MAT/57888/2004. 

References 

[1] O. Brahic and R.L. Fernandes, Poisson fibrations, in preparation. 

[2] A.S. Cattaneo and G. Felder, Coisotropic submanifolds in Poisson geometry and 

branes in the Poisson sigma model, Lett. Math. Phys. 69 (2004), 157-175. 
[3] A.S. Cattaneo and G. Felder, Poisson sigma models and symplectic groupoids, 

in Quantization of Singular Symplectic Quotients, (ed. N. P. Landsman, M. Pflaum, 

M. Schlichenmeier), Progress in Mathematics 198 (2001), 41-73. 
[4] M. Condevaux, P. Dazord, and P. Molino, Geometrie du moment, Travaux du 

Seminaire Sud-Rhodanien de Geometrie, I, Publ. Dep. Math. Nouvelle Ser. B, vol. 88, 

Univ. Claude-Bernard, Lyon, 1988, pp. 131-160. 
[5] A. Coste, P. Dazord, and A. Weinstein, Groupoides symplectiques, Publications 

du Departement de Mathematiques. Nouvelle Serie. A, Vol. 2, Publ. Dep. Math. 

Nouvelle Ser. A, vol. 87, Univ. Claude-Bernard, Lyon, 1987, pp. i-ii, 1-62. 
[6] M. Crainic, Generalized complex structures and Lie brackets, math.DG/0412097. 
[7] M. Crainic and R. L. Fernandes, Integrability of Poisson brackets, J. Differential 

Geom. 66 (2004), 71-137. 
[8] M. Crainic and R. L. Fernandes, Integrability of Lie brackets, Ann. of Math. (2) 

157 (2003), 575-620. 

[9] M. Crainic, R. L. Fernandes and D. Martinez Torres, Poisson manifolds of 
compact type, in preparation. 
[10] R. L. Fernandes, J. P. Ortega and T. Ratiu, Momentum maps in Poisson geom- 
etry, in preparation. 

[11] V. Guillemin, E. Lerman and S. Sternberg, Symplectic fibrations and multiplic- 
ity diagrams, Cambridge University Press, Cambridge, 1996. 

[12] A. Ibort and D. Martinez Torres, A new construction of Poisson manifolds, J. 
Symplectic Geometry 2 (2003), 83-107. 



'In the words of a famous mathematician, "This is no joke!". 



14 



R.L. FERNANDES 



[13] D. McDuff AND D. SALAMON, Introduction to symplectic topology, 2 nd edition, 

Oxford Mathematical Monographs, Oxford University Press, New York, 1998. 
[14] K. Mikami and A. Weinstein, Moments and reduction for symplectic groupoids, 

Publ. Res. Inst. Math. Sci. 24 (1988), no. 1, 121-140. 
[15] M. Stienon and P. Xu, Poisson Quasi-Nijenhuis Manifolds, math.DG/0602288. 
[16] H.-H. Tseng and C. Zhu, Integrating Lie algebroids via stacks, Compos. Math. 142 

(2006), no. 1, 251-270. 
[17] H.-H. Tseng and C. Zhu, Integrating Poisson manifolds via stacks, Travaux Math- 

matiques, Fasc. XVI, 285-297, 2005. 
[18] Y. Vorobjev, Coupling tensors and Poisson geometry near a single symplectic 

leaf,Banach Center Publ. 54 (2001), 249-274. 
[19] A. Weinstein, Coisotropic calculus and Poisson groupoids, J. Math. Soc. Japan 40 

(1988), 705-727. 

[20] A. Weinstein, The local structure of Poisson manifolds, J. Differential Geom. 18 
(1983), 523-557. 

[21] A. Weinstein, Symplectic geometry, Bull. Araer. Math. Soc. (N.S.) 5 (1981), no. 1, 
1-13. 

[22] A. Weinstein and P. Xu, Extensions of symplectic groupoids and quantization, 

J. Heme Angew. Math. 417 (1991), 159-189. 
[23] P. Xu, Dirac submanifolds and Poisson involutions, Ann. Sci. Ecole Norm. Sup. (4) 

36 (2003), 403-430. 

Departamento de Matematica, Instituto Superior Tecnico, 1049-001 Lisboa, 
PORTUGAL 



